In this paper, we investigate the single-photon scattering and bound states in a one-dimensional coupled resonator waveguide which couples to a single giant atom. When the atom couples to the waveguide via two resonators, the single-photon reflection rate is characterized by either Breit-Wigner or Fano line shapes, depending on the spatial size of the atom. When the atom couples to the waveguide via multiple resonators, we numerically show that the single-photon complete reflection results from the destructive interference effect. We also find a phase transition phenomena for the multi-resonator coupling case, which reveals that the upper bound state only exists when the atom-waveguide coupling strength is above a critical value.
I. INTRODUCTION
The light-matter interaction is a central topic in the field of quantum optics. Recent years, much attention has been focused on the light-matter interaction in waveguiding structures, leading to a scenario named as waveguide QED. As reviewed in Refs. [1, 2] and the references therein, there are lots of theoretical and experimental works on waveguide QED system, for example, the single-photon device [3] [4] [5] , the phase transition [6, 7] , dressed or bound states [8] [9] [10] [11] [12] [13] , the exotic topological and chiral phenomena [14] [15] [16] [17] [18] [19] , just name a few.
In the sense of quantum network [20] , the waveguide is usually regarded as quantum channel for photons, and the atom (or artificial atom) plays as quantum node. One of the subject in waveguide QED is how to control the propagation of the photons in quantum channel by adjusting the quantum node(s). In the traditional scheme, the size of the atom is at least one order smaller than the wavelength of the propagating photons in the waveguide, therefore it is reasonable to approximate the atom as a point-like dipole. Recently, a superconducting transmon qubit was successfully coupled to propagating surface acoustic waves [21] [22] [23] [24] . Due to the slow propagation speed of sound in solids, the wavelength of the phonons for a given frequency can be smaller than the size of the atom, and the point-like dipole approximation for the atom does not work. In this situation, we must deal with a "giant atom" (GA) setup [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] , in which the size of the atom provides us another controller besides the resonant frequency and the dipole moment, for the states of the photons in the waveguide.
In this paper, we investigate the single-photon scattering and bound states in a one-dimensional coupledresonator waveguide with GA, which can be coupled to the waveguide via two or multiple resonators. For the two-resonator coupling situation, we analytically obtain the single-photon scattering behavior and find that * wangzh761@nenu.edu.cn the Breit-Wigner or Fano [35] line shapes for the reflection rate take turns as the size of the GA changes. For multiple-resonator coupling situation, we numerically demonstrate the destructive interference, which finally leads to the complete single-photon reflection. Besides, we find a phase transition phenomena when the GA couples to the waveguide via multiple resonators. That is, when the atom-waveguide coupling strength surpasses a certain value, there will be two bound states asymmetrically located above and below the propagating band, otherwise, there will be only one, which locates below the propagating band.
The rest of the paper is organized as follows. In Sec. II, we present our model and the Hamiltonian. In Sec. III and IV, we study the single-photon scattering when the GA couples to the waveguide via two and multiple resonators, respectively. In Sec. V, we discuss the properties of the bound states and end up with a brief conclusion in Sec. VI. Some detailed derivation in the momentum space is given in the Appendix.
II. MODEL AND HAMILTONIAN
As schematically shown in Fig. 1 (a), the system we consider is composed by a one-dimensional coupledresonator waveguide with infinite length and a two-level system. Such system can be realized in the superconducting quantum circuits which is demonstrated in Fig. 1(b) . Here, the LC circuits (LCC) serve as the resonators, and the transmon qubit serves as the two-level system. The capacities couple the resonators as well as the resonators and the transmon. In the conventional photonic waveguide scenario, the natural atom (for example, the Rydberg atom) only coupled to a single resonator due to its small size. However, we now study the effect of a GA scheme, where the two-level system can be coupled to the waveguide via two or more resonators simultaneously.
The coupled-resonator waveguide is modelled by the Hamiltonian where ω c is frequency of the resonators, and a j is the bosonic annihilation operator on site j. ξ is the hopping strength between the nearest resonators. We now formulate the interaction between the GA and the waveguide. In this paper, we will discuss the singlephoton scattering and bound states in two kinds of setups as follows. In case (I), the GA only couples to the 0th and the N th resonators with the same coupling strength J, the Hamiltonian for the whole system is written as
where σ ± are the usual Pauli operators of the GA, and Ω is the transition frequency between the ground state |g and the excited state |e . In case (II), the GA uniformly couples to N + 1 resonators with the resonator number j = 0 → N simultaneously. The Hamiltonian is expressed as
We note that, the total coupling strength between the GA and the waveguide are both 2J for the two cases. Here, we have performed the rotating wave approximation, which is valid in the parameter regime J ≪ Ω and Ω ∼ ω c . The model can be realized in a superconducting quantum circuits scheme as shown in Fig. 1(b) , where a superconducting qubit named as transmon [36] couples to the waveguide composed by coupled LC resonators. The hopping interaction will be present between any two resonators, but the strength decreases fast with their distance. Therefore, we only consider the nearest interresonator coupling and perform the rotating wave approximation in the situation of ξ ≪ ω c . The waveguide supplies a propagating channel for the photons and it forms an energy band, which is centered at ω c and the total width is 4ξ.
III. SINGLE-PHOTON SCATTERING WITH TWO COUPLING RESONATORS
In this section, we will study the single-photon scattering in case (I), that is, the GA only couples to the 0th and N th resonators in the waveguide. We now consider that a single photon with wave vector k is incident from the left side of the waveguide. Since the excitation number in the system conserves, the eigenstate in the single-excitation subspace can be written as
where |G represents that all of the resonators in the waveguide are in the vacuum states, while the GA is in the ground state |g . c j is the probability amplitude for finding a photonic excitation in resonator j, and u e is the excitation amplitude of the GA. In the regime j < 0 and j > N , the amplitude c j can be written in the form of
where r and t are respectively the single-photon reflection and transmission amplitudes. Hereafter, the wave vector k is considered to be dimensionless by setting the distance between two arbitrary neighboring resonators as unit. In the regime covered by the GA, the photon propagates back and forth, and the amplitude c j for 0 ≤ j ≤ N can be expressed as
The Schödinger equation
Together with the continuous condition at j = 0 and j = N , which are 1 + r = A + B and Ae ikN + Be −ikN = te ikN , respectively, the reflection rate R = |r| 2 can be obtained as
where ∆ k = E k − Ω is the detuning between the GA and the propagating photons in the waveguide.
In the small atom scenario (N = 0), we recover the results given in Ref. [5] , and it is obvious that the incident photon will be completely reflected (R = 1) when it is resonant with the atom, that is, ∆ k = 0. However, for the GA situation under our consideration, the photon can be reflected by the two connecting points, the scattering process will be dramatically affected by the size of the GA. In Fig. 2 , we plot the reflection rate R as a function of the detuning for different N , which characterizes the size of the GA.
Let us first discuss the situation of ω c = Ω. In this case, the GA is resonant to the propagating photons with wave vector k = π/2. In Fig. 2(a) and (b), we demonstrate the results for even and odd N , respectively. For even N in Fig. 2(a) , the incident photon will be completely transmitted (R = 0) for N = 4m + 2 and completely reflected (R = 1) for N = 4m (m = 0, 1, 2 · · · ). Furthermore, the curve always represents a Breit-Wignerlike line shape around the resonance ∆ k = 0, which is similar to the small atom case. Meanwhile, for odd N , we observe a frequency shift in Fig. 2(b) , with the complete reflection occurring at a positive (negative) detuning for N = 4m + 1(4m + 3), and the curve behaves as a Fano-like shape around the peak, which is not for small atom situation. Moreover, we can also find that R = 0.5 for ∆ k = 0, which is independent of the size of GA.
Next, we consider the situation of ω c = Ω. As shown in Fig. 2(c) , the reflection rate shows a complicated dependence on the detuning ∆ k . From Eq. (7), the detuning for complete reflection is determined by the transcendental equation
around which, the reflection yields a Fano shape. We also observe that, there will be one or more complete reflection frequencies (excluding the edge of the photonic propagating bands), depending on the values of N . It implies that, we can design the on-demand single-photon transistor by adjusting the size of GA in our waveguide setup.
IV. SINGLE-PHOTON SCATTERING WITH MULTIPLE COUPLING RESONATORS
Now, we move to case (II), where the GA couples to all of the resonators it covers, and the Hamiltonian of the system is described by Eq. (3). In this case, we will give a semi-analytical result for the single-photon scattering behavior.
We note that the Hamiltonian in Eq. (3) can be rewritten as
Here, v m (m = 1, 2, · · · N + 2) is the mth eigen value of H s in the single-excitation subspace and |φ m is the corresponding eigen state, and x m = 0|a 0 |φ m , y m = 0|a N |φ m . As before, we assume that a single photon with wave vector k is incident from the left side of the waveguide, the wave function in the single-excitation subspace follows
where U j = e ikj + re −ikj , V j = te ikj , with r and t being the reflection and transmission amplitudes. The eigen function It implies that the incident photon will interact with all of the modes of H s , and the destructive interference will lead to a complete reflection. The similar mechanism was also found in a super-cavity scheme under the two-mode approximation [37] . Furthermore, the single-photon scattering behavior can be predicted by solving Eqs. (14) , (15) and (16) , and the reflection rate R = |r| 2 is obtained as
where Q n = E k − ω c − M n + ξ cos k for n = 1, 2 and
and the condition for complete reflection is given by |M 3 | = 0. In Fig. 3 , we plot R as a function of ∆ k for different relative small N and it shows that the complete reflection occurs near the resonant point ∆ k = 0.
V. BOUND STATES
In the above sections, we have investigated the scattering states in the single-excitation subspace, with the eigen-energy inside the band ω k ∈ [ω c − 2ξ, ω c + 2ξ]. Besides, the interaction between the GA and the waveguide breaks the translational symmetry of the waveguide, leading to another kind of bound state, where the photonic excitation is bounded near the regime of the GA, and the corresponding energies lay outside the propagating band.
In principal, the energies for the bound state(s) can be obtained by transforming to the momentum space and solving the transcendental equation. Similar to the approach given in Ref. [9] , and after the detailed calculations as shown in the Appendix, the transcendental equations for the energy E are
and
for Case (I) and Case (II), respectively. However, the integrals in the above two equations are not easy to be performed. Therefore, we will resort to numerical diagonalization of the Hamiltonian in the real space, and plot the single-excitation energy spectrum and the photonic distribution of the upper and lower states [the wave-function is expressed as |E = ( i d i a † i + d e σ + )|G ] in Fig. 4 and Fig. 5 under the periodical boundary condition. In Fig. 4(a) , we plot the energy spectrum in the singleexcitation subspace for Case (I), where the GA couples to the waveguide via two resonators. The energy band in the middle with band width 4ξ is the scattering states, which are discussed in Sec. III. The other two red curves, which are nearly symmetrically located above and blow the propagating band are the bound states. The photonic wave functions for these two states are nearly same, and are plotted in Fig. 4 (b) . It shows that the photon is bounded around the two resonators which couple to the GA, and exponentially decays in the regime far from the GA.
As for Case (II), where the GA couples to all of the resonators it covers, the upper and lower energy levels are not symmetric about the propagating band as shown in Fig. 5(a) . For an arbitrary non-zero atom-waveguide J, the lower energy level is always separated from the band, and the photon is bounded in the whole regime of the GA as shown in Fig. 5(b) . However, the property of the upper state depends on the value of J. For small J, the upper energy level coincides with the edge of the propagating band, as shown in Fig. 5(a) . The corresponding photonic wave function is shown in Fig. 5(c) . It shows that the amplitude for finding a photon in the resonator increases as it moves far away from the GA for J/ξ = 1 and J/ξ = 2. It implies that the bound state with energy higher than the propagating band does not exist for small J. Only for a larger J, this energy level will be separated, and the state becomes a bound one. However, the photon distribution is still different from the lower one in that the photon mainly distributes at the two ends of the GA, and decays outside the GA regime as shown by the curve for J/ξ = 3 in Fig. 5(c) . We note that the similar "quantum phase transition" behavior associated with the upper bound state also exists in the waveguide setup, which couples to a small three-level atom [7] .
VI. CONCLUSION
In this paper, we have studied the single-photon scattering and bound states in a one-dimensional coupledresonator waveguide with a dressed giant atom. The giant atom can couple to the waveguide via two or multiple resonators, and the back and forth propagation of the photons in the regime of GA will lead to some exotic phenomena. For the case of two-resonator coupling, the curve of the reflection rate will behave as either Breit-Wigner or Fano line shape, depending on the size of the GA, and the energies for the bound state lie symmetrically around the propagating band for arbitrary atom-waveguide coupling strength. For the case of multiresonator coupling, we numerically demonstrate the destructive interference effect which leads to the singlephoton complete reflection. Moreover, we find the phase transition phenomenon based on the bound states. That is, the upper bound state in which the photon locates at the end of the giant atom only exists when the atomwaveguide coupling strength surpasses a critical value.
We hope that our study will be applicable to quantum acoustics [38, 39] , where the size of the emitter can be comparable to the wavelength of the phonons, and serves as a controller to the propagation of the phonons. In Eqs. (22) and (23), we have listed the transcendental equations for the energy of the bound states, when the GA couples to the waveguide via two and multiple resonators, respectively. Here, we will give the detailed derivation by transforming to the momentum space.
First, for the case in which the GA couples to the waveguide via two resonators, the Hamiltonian in the momentum space is expressed as
where a k = ∞ n=−∞ exp (−ikn)a n / √ N 0 , with N 0 the length of the waveguide, and the dispersion relation is given by ω k = ω c − 2ξ cos k. In the single-excitation subspace, the wave function has the form Second, we consider the case that the GA couples to all of the resonators it covers in the waveguide, the Hamiltonian in the momentum space becomes 
